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Interpreting and Expanding Confucius' Golden Mean through 

Neutrosophic Tetrad 

Fu Yuhua 1 

1 CNOOC Research Institute, E-mail: fuyhl945@sina.com 



Abstract. Neutrosophy is a new branch of philosophy that 
studies the origin, nature, and scope of neutralities, as well 
as their interactions with different ideational spectra. 

There are many similarities between The Golden Mean 
and Neutrosophy. Chinese and international schol-ars need 
to toil towards expanding and developing The Golden 
Mean, towards its "modernization" and "globali-zation". 
Not only Chinese contemporary popular ideas and 



methods, but also international contemporary popular 
ideas and methods, should be applied in this endeavour. 
There are many different ways for interpreting and 
expanding The Golden Mean through “Neutrosophic 
tetrad” (thesis-antithesis-neutrothesis-neutrosynthesis). 
This paper em-phasizes that, in practice, The Golden 
Mean cannot be applied alone and unaided for long-term; 
it needs to be combined with other principles. 



Keywords: Neutrosophy, Golden Mean, Neutrosophic tetrad, thesis-antithesis-neutrothesis-neutrosynthesis. 



1 Introduction 

"The Golden Mean" is a significant achievement of 
Confucius (Kong Zi). Mao Zedong considered that Kong 
Zi's notion of Golden Mean is his greatest discovery, and 
also an important philosophy category, worth discussing 
over and over. 

As well-known, the moderate views originated in an- 
cient times. According to historical records, as the Chinese 
Duke of Zhou asked Jizi for advice, Jizi presented nine 
governing strategies, including the viewpoint of "The mean 
principle". That is the unbiased political philosophy domi- 
nated by the upright, and a comprehensive pattern obtained 
by combining rigidity and moderation. According to the in- 
terpretation of many predecessors’ viewpoints of "The 
mean principle", after expanding and developing these 
viewpoints, Confucius created "The Golden Mean". 

After Confucius, many scholars tried to use different 
ways to interpret and expand "The Golden Mean". 

From Tang dynasty, a number of "Neo-Confucianists" 
emerged, highlighting various characteristics by jointing 
Confucianism with Buddhism, Daoism, and the like, in- 
cluding Western academic thoughts, and forming numer- 
ous new schools. 

If regarding "The Golden Mean" presented by Confu- 
cius as the first milestone, the thought of “worry before the 
people and enjoy after the people” produced by Fan 
Zhongyan, the Chinese Northern Song dynasty’s famous 
thinker, statesman, strategist and writer, can be considered 
the second milestone of "The Golden Mean". Its meaning 
is as it follows: neither worry everything, nor enjoy every- 
thing; take the middle, namely worry in some cases (before 
the people), and enjoy in some cases (after the people). 
This famous saying is perhaps the most meaningful "gold- 
en mean". Someone once pointed out that "The Golden 



Mean" is very conservative, and very negative. However, 
carefully reading this sentence of Fan Zhongyan, one may 
adduce a new assessment for "The Golden Mean". 

The thought of "traditional Chinese values aided with 
modern Western ideology" appeared in late Qing Dynasty, 
and it is the third milestone of "The Golden Mean". Since 
the first opium war (June, 1840 - August, 1842), in view of 
the fact that China repeatedly failed miserably in front of 
the Western powers, some ideologists argued that China 
must be reformed. The early reformists proposed "the poli- 
cy mainly governed by Chinese tradition, supported by 
Western thoughts" (this is also a "middle way"), with the 
purpose to encourage people to learn from the West, and to 
oppose against obstinacy and conservatism. In late 19th 
century, there was a harsh dispute between old and new, 
and between Chinese model and Western model. The old- 
fashioned feudal diehards firmly opposed to Western cul- 
ture. They regarded anything coming from the Western 
capitalist countries as dangerous evils for China, while the 
bourgeois reformers actively advocated for Western learn- 
ing, arguing that China should not only inure the advanced 
science and technology, but also follow the Western politi- 
cal system. Among the violent debate, ostensibly neutral 
thought of "Chinese learning for the essence, western 
learning for practical use" gradually gained prominence, 
and had a profound impact. Even today, there still exist 
scholars appraising this slogan, and attempting to make 
new interpretations out of it. 

But "The Golden Mean" is not uniquely Chinese. One 
can also find similar formulations in different cultures. For 
example, in Ancient Greece, Aristotle propounded the idea 
of “The Mean Principle”. According to Aristotle, there are 
three categories of human acts, namely excessive, less and 
moderate acts. For instance, all men have desires; while 
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excessive desires and less desires are all tidal waves of evil, 
only moderate desires are virtue -based. There is a clear 
distance between Aristotle's middle path view and Confu- 
cius' Golden Mean, since the last one takes "benevolence" 
as its core. 

In 1995, the American-Romanian scholar Florentin 
Smarandache created Neutrosophy, which has similarities 
to "The Golden Mean". For more information about Neu- 
trosophy, see references [1-3]. 

To sum up, the ideas of "The Golden Mean" and of 
some similar concepts are crystallizations of mankind wis- 
dom. However, in order to keep pace with the times, "The 
Golden Mean" and the similar concepts must be expanded 
and developed in the directions of "modernization" and 
"globalization". In order to achieve this task, Chinese and 
international scholars should take part in related actions, 
and not only Chinese contemporary popular ideas and 
methods, but also international contemporary popular ideas 
and methods should be applied. In this way, the results can 
be widely recognized all over the world, and have a posi- 
tive and far-reaching impact. 

The requisite to expand and develop "The Golden 
Mean" applying international contemporary popular ideas 
and methods has not yet attracted enough attention. Conse- 
quently, we try to interpret and expand "The Golden 
Mean" through Neutrosophy, hoping that other scholars 
will pay attention too to the issues we expound. 

2 The similarities between "The Golden Mean" 
and "Neutrosophy" 

In references [2,3] we have pointed out that the posi- 
tion of “mean” pursued by The Golden Mean is the opti- 
mized and critical third position, situated between the ex- 
cessive and the less. 

It needs to stress that, according to the fact that Confu- 
cius made a great contribution for the amendment of “The 
Book of Changes”, some people thought that The Analects 
of Confucius only discussed two kind of situations, i.e. 
positive and negative situations (masculine and feminine, 
yin and yang, pro and con), while in fact The Analects 
evaluated three kind of situations: positive, negative and 
neutral situations. 

For example, in Book 2, Tzu Kung put forward a posi- 
tive and a negative situation: “What do you pronounce 
concerning a poor man who doesn't grovel, and a rich man 
who isn't proud?” Confucius presented the best situation: 
“They are good, but not as good as a poor man who is sat- 
isfied and a rich man who loves the rules of propriety.” 

Neutrosophy is a new branch of philosophy that studies 
the origin, nature, and scope of neutralities, as well as their 
interactions with different ideational spectra. 

This theory considers every notion or idea <A> togeth- 
er with its opposite or negation <Anti-A> and the spectrum 
of "neutralities" <Neut-A> (i.e. notions or ideas located be- 
tween the two extremes, supporting neither <A> nor <An- 



ti-A>). The <Neut-A> and <Anti-A> ideas together are re- 
ferred to as <Non-A>. 

Neutrosophy is the base of neutrosophic logic, neutro- 
sophic set, neutrosophic probability and statistics, used in 
engineering applications (especially for software and in- 
formation fusion), medicine, military, cybernetics, and 
physics. 

Neutrosophic Logic (NL) is a general framework for 
unification of many existing logics, such as fuzzy logic 
(especially intuitionistic fuzzy logic), paraconsistent logic, 
intuitionistic logic, etc. The main idea of NL is to charac- 
terize each logical statement in a 3D Neutrosophic Space, 
where each dimension of the space represents respectively 
the truth (T), the falsehood (F), and the indeterminacy (I) 
of the statement under consideration, where T, I, F are 
standard or non-standard real subsets of ]-0, l+[ without 
necessarily connection between them. 

It is obvious that, in discussing the “mean”, the “mid- 
dle”, or the “neutralities”, there are many similarities be- 
tween The Golden Mean and Neutrosophy. 

It should be mentioned that the biggest difference be- 
tween Neutrosophy and The Golden Mean is that the first 
includes a wide variety of practical mathematical methods. 
Because of some reasons, the mathematical knowledge of 
many Confucian scholars is not too elevated. Therefore, in 
general, the Confucian scholars cannot propose quantita- 
tive standards to evaluate The Golden Mean, and they only 
rely on their perception. Nevertheless, Karl Marx believed 
that a science can only achieve a perfect situation when it 
is successfully applied to mathematics. 

Now we present a simple example of mathematical 
method application. Let us consider the middle situation 
composed by "positive" and "negative". The proportion of 
positive and negative, besides the standard 5:5, also can be 
6:4 or 4:6, 7:3 or 3:7, 8:2 or 2:8, 9:1 or 1:9, and so on. For 
more complex cases, it is necessary to apply the mathemat- 
ical methods of Neutrosophy. 

Therefore, if we need to take into account quantitative 
relationships, then the mathematical methods of Neu- 
trosophy are helpful. This is one important part of inter- 
preting and expanding "The Golden Mean". Of course, this 
kind of work need to be undertaken by scholars who are 
familiar with both "The Golden Mean" and "Neutrosophy". 

3 Interpreting and expanding The Golden Mean 
with “Neutrosophic tetrad” (thesis-antithesis- 
neutrothesis-neutrosynthesis) 

In reference [4], Prof. Smarandache called attention for 
the fact that the classical reasoning development about ev- 
idences, popularly known as thesis-antithesis- synthesis 
from dialectics, was attributed to the renowned philosopher 
Georg Wilhelm Friedrich Hegel, and it was used later on 
by Karl Marx and Friedrich Engels. Immanuel Kant have 
also written about thesis and antithesis. As a difference, the 
opposites yin [feminine, the moon] and yang [masculine, 
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the sun] were considered complementary in Ancient Chi- 
nese philosophy. 

Neutrosophy is a generalization of dialectics. Therefore, 
Hegel's dialectical triad thesis-antithesis-synthesis is ex- 
tended to the neutrosophic tetrad thesis-antithesis- 
neutrothesis-neutrosynthesis. A neutrosophic synthesis 
(neutrosynthesis) is more refined that the dialectical syn- 
thesis. It carries on the unification and synthesis regarding 
the opposites, and their neutrals too. 

There are many different ways for interpreting and ex- 
panding The Golden Mean through “Neutrosophic tetrad” 
(thesis-antithesis-neutrothesis-neutrosynthesis), and differ- 
ent conclusions are reached. This paper emphasizes the 
conclusion that, in practice, The Golden Mean cannot be 
applied lonely and unaided for long-term; in many cases, it 
needs to be combined with other principles. 

Example 1 : If asking a man who likes to do everything 
according to The Golden Mean: will you wear black or 
white clothes to attend the meeting?, the answer should be 
an unbiased one: I will wear grey clothes. According to 
“Neutrosophic tetrad” (thesis-antithesis-neutrothesis- 
neutrosynthesis), there are many different possible an- 
swers: (1) I will wear deep grey clothes; (2) I will wear 
shallow grey clothes; (3) I will wear a white coat, but black 
trousers; (4) trousers white underwear, but a black coat; (5) 
I will wear black clothes at the beginning of the meeting, 
but white clothes at the end of the meeting; (6) I will 
switch between black, grey, and white clothes during the 
meeting; (7) I will wear black clothes at this conference, 
but white clothes at the next one; (8) I will respectively 
wear black, white, grey (or different combination of the 
three colours) clothes at different conferences. And so 
forth. 

In this example, The Golden Mean cannot be applied 
lonely and unaided for long-term; in fact, no one can al- 
ways wear grey clothes to participate in any meeting and 
gathering, at least the bride cannot wear grey clothes at the 
wedding. 

Example 2: In Chinese ancient story of the three king- 
doms, as Zhuge Liang command the war, he generally ap- 
plies The Golden Mean "combining punishment with leni- 
ency". The most obvious example is that, in the battle of 
Red Cliff, he firstly associates with Zhou Yu to beat the 
army of Cao Cao, and obtains a brilliant victory; but he de- 
liberately sends Guan Yu to ambush at Huarong Road, due 
to gratitude for the old kindness, Guan Yu and his army 
loose the powerful enemy of Cao Cao. However, in some 
cases, Zhuge Liang cannot carry on The Golden Mean. For 
example, as Ma Su is defeated and losing a place of strate- 
gic importance, Zhuge Liang puts him to death without 
mercy. In addition, Zhuge Liang captures Meng Huo sev- 
enth times, and releases him seventh times; it is so tolerant, 
as rarely seen in history. 

Example 3: Some scholars believe that the theoretical 
foundation of universe is the unity of heaven and man. An 
instance is as it follows: a boat is travelling from the mid- 
stream to the downstream of a river. In Song dynasty, the 



famous poet Su Dongpo was rafting with guests beneath 
Red Cliff, and did write the eternal masterpiece "Chibi Fu". 
For this reason, the men who clings to "The Golden Mean" 
intends to follow Su Dongpo and write a masterpiece again. 
Although thousands of writers visit Red Cliff, no one can 
write a decent poem. 

However, according to the viewpoint of “Neutrosophic 
tetrad” (thesis-antithesis-neutrothesis-neutrosynthesis), one 
can also boat against the current, sail in the sea, sing in the 
loess plateau, and the like, in order to write a decent poem. 

In short, at the right time and the right place, and hav- 
ing a good authoring environment (similar to what hap- 
pened when Su Dongpo wrote "Chibi Fu"), the writers can 
apply different ways to write excellent poetry or other 
literary works. For example, the "Four Classics" (“A 
Dream of Red Mansions”, “Journey to the West”, “The 
Three Kingdoms”, and “Water Margin”) were not written 
by sticking to the stereotypes of Su Dongpo. 

Due to space limitations, we no longer discuss other 
examples and results of the interpretation and expansion of 
"The Golden Mean". 

Conclusion 

The “mean”, the “middle”, or the “neutralities” are nei- 
ther fixed points; nor rigid rules. The “mean” is not always 
located at equidistant midpoint between the two opposing 
sides, and is not always fixed at some point or within a cer- 
tain range, but it changes with peculiarities like a specific 
time, a specific location, or a specific condition. 

The essences of Chinese traditional culture, including 
here "The Golden Mean", should adapt with the times, ex- 
panding and developing towards "modernization" and 
"globalization" through international contemporary popular 
ideas and methods. Applying “Neutrosophic tetrad” (the- 
sis-antithesis-neutrothesis-neutrosynthesis) to re-interpret 
The Golden Mean is an initial attempt, and we hope to play 
a significant role, and give a new philosophical direction. 
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Abstract. Neutrosophic set is very useful to express un- 
certainty, impreciseness, incompleteness and incon- 
sistency in a more general way. It is prevalent in real life 
application problems to express both indeterminate and 
inconsistent information. This paper focuses on introduc- 
ing a new similarity measure in the neutrosophic envi- 
ronment. Similarity measure approach can be used in 
ranking the alternatives and determining the best among 
them. It is useful to find the optimum alternative for mul- 
ti criteria decision making (MCDM) problems from simi- 
lar alternatives in neutrosophic form. We define a func- 



tion based on hypercomplex number system in this paper 
to determine the degree of similarity between single val- 
ued neutrosophic sets and thus a new approach to rank 
the alternatives in MCDM problems has been introduced. 
The approach of using hypercomplex number system in 
formulating the similarity measure in neutrosophic set is 
new and is not available in literature so far. Finally, a 
numerical example demonstrates how this function de- 
termines the degree of similarity between single valued 
neutrosohic sets and thereby solves the MCDM problem. 



Keywords: Hypercomplex similarity measure, Neutrosophic fuzzy set, Decision Making. 



1 Introduction 

Zadeh introduced the degree of membership/truth (t) in 
1965 and defined the fuzzy set which is an extension of or- 
dinary or crisp set as the elements in the fuzzy set are char- 
acterised by the grade of membership to the set. Atanassov 
introduced the degree of nonmembership/falsehood (f) in 
1986 and defined the intuitionistic fuzzy set. An intution- 
istic fuzzy set is characterized by a membership and non- 
membership function and thus can be thought of as the ex- 
tension of fuzzy set. Smarandache introduced the degree of 
indeterminacy/neutrality (i) as independent component in 
1995 (published in 1998) and defined the neutrosophic set 
[1]. He has coined the words “neutrosophy” and 
“neutrosophic”. In 2013 he refined the neutrosophic set to 
n components: t 1? t 2 , ...t 7 -; i±, i 2 > A, A, • ••,/*, with 

j+k+1 = n > 3. A neutrosophic set generalizes the concepts 
of classical set, fuzzy set and intutionistic fuzzy set by con- 
sidering truth-membership function, indeterminacy mem- 
bership function and falsity-membership function. Real life 
problems generally deal with indeterminacy, inconsistency 
and incomplete information which can be best represented 
by a neutrosophic set. 

Properties of neutrosophic sets, their operations, simi- 
larity measure between them and solution of MCDM prob- 
lems in neutrosophic environment are available in the liter- 
ature. In [2] Wang et al. presented single valued neutro- 
sophic set (SVNS) and defined the notion of inclusion, 



complement, union, intersection and discussed various 
properties of set-theoretic operators. They also provided in 
[3] the set-theoretic operators and various properties of in- 
terval valued neutrosophic sets (IVNSs). Said Broumi and 
Florentin Smarandache introduced the concept of several 
similarity measures of neutrosophic sets [4]. In this paper 
they presented the extended Hausdorff distance for neutro- 
sophic sets and defined a series of similarity measures to 
calculate the similarity between neutrosophic sets. In [5] 
Ye introduced the concept of a simplified neutrosophic set 
(SNS), which is a subclass of a neutrosophic set and in- 
cludes the concepts of IVNS and SVNS; he defined some 
operational laws of SNSs and proposed simplified neutro- 
sophic weighted averaging (SNWA) operator and simpli- 
fied neutrosophic weighted geometric (SNWG) operator 
and applied them to multi criteria decision-making prob- 
lems under the simplified neutrosophic environment. Ye 
[6] further generalized the Jaccard, Dice and cosine simi- 
larity measures between two vectors in SNSs. Then he ap- 
plied the three similarity measures to a multi criteria deci- 
sion-making problem in the simplified neutrosophic setting. 
Broumi and Smarandache [7] defined weighted interval 
valued neutrosophic sets and found a cosine similarity 
measure between two IVNSs. Then they applied it to prob- 
lems related to pattern recognition. 

Various comparison methods are used for ranking the 
alternatives. Till date no similarity measure using hyper- 
complex number system in neutrosophic environment is 
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available in literature. We introduce hypercomplex number 
in similarity measure. In this paper SVNS is represented as 
a hypercomplex number. The distance measured between 
so transformed hypercomplex numbers can give the simi- 
larity value. We have used hypercomplex numbers as dis- 
cussed by Silviu Olariu in [8]. Multiplication of such hy- 
percomplex numbers is associative and commutative. Ex- 
ponential and trigonometric form exist, also the concept of 
analytic function, contour integration and residue is de- 
fined. Many of the properties of two dimensional complex 
functions can be extended to hypercomplex numbers in n 
dimensions and can be used in similarity measure problems. 
Here in lies the robustness of this method being another 
application of complex analysis. 

The rest of paper is structured as follows. Section 2 in- 
troduces some concepts of neutrosophic sets and SNSs. 
Section 3 describes Jaccard, Dice and cosine similarity 
measures. In section 4 three dimensional hypercomplex 
number system and its properties have been discussed. We 
define a new function based on three dimensional hyper- 
complex number system for similarity measure to compare 
neutrosophic sets in section 5. Section 6 demonstrates ap- 
plication of hypercomplex similarity measures in Decision- 
Making problem. In section 7, a numerical example 
demonstrates the application and effectiveness of the pro- 
posed similarity measure in decision-making problems in 
neutrosophic environment. We conclude the paper in sec- 
tion 8. 

2 Neutrosophic sets 
2.1 Definition 



the real standard [0, 1] , i.e. T A (x): X -> [0, 1], I A (x): X 
[0, 1], F a (x): X -» [0, 1]. Then a simplification of the neu- 
trosophic set A is denoted by 
A = {< x: T A (x), I a (x), F a (x) >,x E X}. 

2.3 Single Valued Neutrosophic Sets (SVNS) 

Let X is a space of points (objects) with generic ele- 
ments in X denoted by x. An SVNS A in X is characterized 
by a truth-membership function T A (x) , an indeterminacy 
membership function I A (x ) and a falsity-membership func- 
tion F A (x) , for each point x EX, 7 A (x), 7 A (x),F A (x) E 
[0,1]. Therefore, a SVNS A can be written as A SVNS = 

{< x: 7 a (x),/ a (x),F a (x) >,x E X}. 

For two SVNS, A SVNS = {< x: T A (x), I A (x), F A (x) > 

, x E X } and B SVNS = {< x\ T B (x), I B (x), F B (x) >, x E X } , 
the following expressions are defined in [2] as follows: 

Ans — Bns ^ and only if 7^(x) < T 5 (x),/ A (x) > 
/bW,^(x) > F b (x). A ns = B Ns if and only if f A (x) = 
T b (x),I a (x) = I b (x),F a (x) = F s (x). A c =< x,F a (x), 1 - 
I a W>T A (x ) > 

For convenience, a SVNS A is denoted by A =< 
T a (x), 7 a (x), F a (x) > for any xE X; for two SVNSs A and 
B; the operational relations are defined by [2], 

(1 )A U B = 

< ma x(f A (x), T b (x)) , min{l A (x), 7 s (x)), min(T A (x), T B (x)) 
> 

(2 )A n B =< 

min(T A (x), r 5 (x)),raax(7 A (x),7 5 (x)),raax(r A (x), 7 5 (x)) > 

3 Jaccard, Dice and cosine similarity 



Let U be an universe of discourse, then the neutrosoph- 
ic set A is defined as 

A = {< x: T A (x), I a (x), F a (x) >} , where the functions 
T, I, F: U ] “0, l + [ define respectively the degree of 
membership (or Truth), the degree of indeterminacy and 
the degree of non-membership (or falsehood) of the ele- 
ment x E U to the set A with the condition “0 < T A (x) + 

I a 00 + Fa 00 < 3 + . 

To apply neutrosophic set to science and technology, 
we consider the neutrosohic set which takes the value from 
the subset of [0,1] instead of ] “0, l + [ i.e., we consider 
SNS as defined by Ye in [5]. 



2.2 Simplified Neutrosophic Set 

Let X is a space of points (objects) with generic ele- 
ments in X denoted by x. A neutrosophic set A in X is 
characterized by a truth-membership functionT A (x), an in- 
determinacy membership function I A (x) , and a falsity 
membership function F A (x) if the functions 

T A (x), I A ( X ), F A ( X ) am singletons subintervals/subsets in 



The vector similarity measure is one of the most im- 
portant techniques to measure the similarity between ob- 
jects. In the following, the Jaccard, Dice and cosine simi- 
larity measures between two vectors are introduced 

Let X = ( x 1# x 2 , - , x n ) and Y = (y 1# y 2 , - , y n ) be the 
two vectors of length n where all the coordinates are posi- 
tive. The Jaccard index of these two vectors is defined as 



J(X,Y) = 



XY 

nxii 2 2 +imi 2 2 +xx 



UlLi x i-yj 



Sf =1 ^ 2 +I :r =1 y£ 2 -ir = i*i.yi ’ 

where X. Y = Xf=i*;-y; is the inner product of the 
vectors X and Y. 



The Dice similarity measure is defined as 

2X.K 2 JX =1 Xi. yi 



J(X,Y) 



imi 2 2 + 






Cosine formula is defined as the inner product of these 
two vectors divided by the product of their lengths. This is 
the cosine of the angle between the vectors. The cosine 
similarity measure is defined as 
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C(X,Y) 



X.Y 



£"=!*;■ y; 



imi 2 2 .imi 2 2 2 ?=i*t 2 .z? = i y . 2 



It is obvious that the Jaccard, Dice and cosine similari- 
ty measures satisfy the following properties 

(PJ 0 < J(X, Y), D(X, Y), C(X, Y) < 1 

(P 2 ) J(X, Y) = J(Y, X), D(X,Y) = D(Y, X) and C(X,Y) 

= C(Y, X) 



(P 3 ) J(X, Y) = 1, D(X, Y) = 1 and C(X,Y) = 1 if X = Y 



i.e., Xi = y t (i = 1, 2, ... , n)for every x t £ X and £ Y. 
Also Jaccard, Dice, cosine weighted similarity measures 
between two SNSs A and B as discussed in [6] are 

WJ(A,B) 



i= 1 



T A (x t )T B (x t ) 

+I A (x i )I B (x i ) 

+F 4 (Xi)F B (x i ) 



(T A (Xi)) 2 + (Ia(xD) 2 + (FaCxD) 2 
+(T B (x i )f + (T A (xOf + (T A (xOf + (T A ( Xl )) 2 



~T A ( x i)T B (x i ) — T b (xi)T c (X ( ) — T c (xi)T A (xi) 



WD(A,B) 



i= l 



( T' A (x i )T B (x i ) \ 

2 +I a (x[)1 b (x[) 

\+F^(Xi)F B (Xi)/ 

{Uxdf + (U *;)) 2 + {F A (xd) 2 

+(t b (xi)) + ( J A {xi )) + {r A (xi )) + (r A (xi )) 



WC{A,B) 






/ T A (Xi)T B (Xi) \ 
+I A (x i )I B (x i ) 

V+/ 7 4(x [ )F B (-W 

J(^(Xi)) 2 + (/a(^)) 2 + (^(*i)) 2 




(*i)) + (jA&i)) + (Ja( x l)) + (jA&i)) 



cussed in [8]. In a geometric representation, the tricomplex 
number u is represented by the point P of 
nates ( x,y,z ). If O is the origin of the x,y,z axes, (t) the 
trisector line x = y = z of the positive octant and II the 
plane x + y + z = 0 passing through the origin (O) and 
perpendicular to (t), then the tricomplex number u can be 
described by the projection S of the segment OP along the 
line (t), by the distance D from P to the line (t), and by the 
azimuthal angle 0 in the II plane. It is the angle between 
the projection of P on the plane II and the straight line 
which is the intersection of the plane II and the plane de- 
termined by line t and x axis, 0 < 0 < 2n. The amplitude 
p of a tricomplex number is defined as p = (x 3 +y 3 + 
z 3 — Sxyz) 1 ^ 9 the polar angle 6 of OP with respect to 
the trisector line (t) is given by tan 6=^,0<9<n and 

the distance from P to the origin is d 2 = x 2 +y 2 +z 2 .the 
tricomplex number x + hy + kz can be represented by the 
point P of coordinates (x, y, z). The projection S = OQ of 
the line OP on the trisector line x = y = z, which has the 

( i i i \ i 

— , — , — J , is S = (x + y + z) . The dis- 
tance D = PQ from P to the trisector line x = y = z, calcu- 
lated as the distance from the point P(x, y ,z) to the point Q 

of coordinates [£±|±£ ( £±|±£ ; £±|±£] ? |S q2 = 

^ (x 2 + y 2 + z 2 — xy — yz — zx ). The quantities S and D 

are shown in Fig. 1, where the plane through the point P 
and perpendicular to the trisector line (t) intersects the x 
axis at point A of coordinates (x + y + z, 0, 0), the y axis 
at point B of coordinates (0. % + y + z, 0), and the z axis at 
point C of coordinates (0,0 , x + y + z) . The expression of 
0 in terms of x, y, z can be obtained in a system of coordi- 

nates defined by the unit vectors ^ = -= (2, — 1, — 1), 

V 6 

(2 = ^=(0, -1,-1), f 3 = ^=(1,1,1) and having the point 

O as origin. The relation between the coordinates of P in 
the systems <fi, ( 2 > (3 and x, y, z can be written in the form: 



4 Geometric representation of hypercomplex 
number in three dimensions 

A system of hypercomplex numbers in three dimen- 
sions is described here, for which the multiplication is as- 
sociative and commutative, which have exponential and 
trigonometric forms and for which the concepts of analytic 
tricomplex function, contour integration and residue is de- 
fined. The tricomplex numbers introduced here have the 
form u = x + hy + kz, the variables x, y and z being real 
numbers. The multiplication rules for the complex units 
h, k are h 2 = k, k 2 = h, 1. h = h, 1. k = k, hk = 1 as dis- 





ri- 

ve 


1 

~vf 


1 - 
“Vf 




= 0 


1 


1 


-X- 


^2 


“Vf 


“vf 


y 

z 




1 

Lvf 


1 

vf 


1 

Vf - 





(f1.f2.f3) = (^( 2 X - y - z),^=(y - z),^=(x + y + 
z)). Also cos <t> = 2V( , 2 ^;;r; y _ yz _ zx) 
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sin 0 = 



V3(y — z) 

2 ^/Cx 2 + y 2 + z 2 — ry — yz - zx) 



The angle 0 between the line OP and the trisector line 
(t) is given by tan 6 = j 




Figure 1: Tricomplex variables s, d, 0, 0 for the tri- 
comlex number % + hy + /cz, represented by the point P(x, 
y, z). The azimuthal angle 0 is shown in the plane parallel 
to II, passing through P, which intersects the trisector line 
(t) at Q and the axis of coordinates x, y, z at the points A, 
B, C. The orthogonal axis: fj',^ , ^3 have the origin at Q. 
The axis Qf{' is parallel to the axis Of{', the axis Qf^ is 
parallel to the axis Of 2 > and the axis QfJJ is parallel to the 
axis Of 3 , so that, in the plane ABC, the angle 0is meas- 
ured from the line QA. 

5 Hypercomplex similarity measure for SVNS 

We here define a function for similarity measure be- 
tween SVNSs. It requires satisfying some properties of 
complex number in three dimensions to satisfy the prereq- 
uisites of a similarity measure method. In this sense, we 
can call the function to be defined in three dimensional 
complex number system or hypercomplex similarity meas- 
urement function. 

Definition I: Let A = {x, T A (x),I A (x),F A (x)} and 
B = {x, T B (x),I B (x),F B (x)} are two neutrosophic sets in 
X = {x}; then the similarity function between two neutro- 
sophic sets A and B is defined as 

S(A,B) = 

1 ( 1 +Pe 1 Pe 2 ) 2 (i+D 01 Dfl 2 ) 2 1 

9 9 99 I 9 9 99* W llvl 

2[l +D ei 2 +Dg 2 2 +D ei 2 D e2 2 1 +D 4>1 2 +D 4>2 2 +D 4>1 2 D <t>2 2 

_ J(T A (x)-/ A Cx)) 2 +(i A (x)-F A (x)f+(F A (x)-r A (x)) 2 

01 ~ ( T A (X)+I A (x)+F A (x )) 



J(r B 0) - i B (x)) 2 + (/„(*) - f b (x)) 2 + (f b (x) - t b (x)) 2 

° e2 ~ ftffl + hW + f b W) 

V3 (IaM - frOO) 

01 2 T A (x) - l A (x) - F A (x) 

V3(/ b W-f b M) 

2T b (x) - ! b (x) - F b (x) 

Also (T a (x), I a (x), F a (x) t (0, 0, 0) and (T B (x), I B (x), 
F b (x) ) + (0, 0, 0). 



Lemma I: Function S (A, B) satisfies the properties of 
similarity measure. 



Proof: Let us consider Si (A, B) = - - 

y 2 L 

1 1 _ 1 I (l+tan G 1 tan G 2 ) 2 



l+tan 2 (<^ 1 -(/? 2 ). 



Ll+tan 2 0i+tan 2 0 2 +tan 2 0i tan 2 6 



l+tan 2 (9 1 -9 2 ) 

+ 



+ 



(l+tan (p ± tan (p 2 ) 2 



l+tan 2 (/Ji+tan 2 <p 2 +tan 2 tan 2 (p 2 



j. From (1), (2) and (3), 



we get the value of tan 0 1? tan0 2 , tan<p 1? tan<p 2 . If 
we take tan 6 1 = D e± , tan 0 2 = Dq 2 , tan cp t = D (p± , 
tan cp 2 = D (p2 , then S ± (A, B) = S(A, B ) 

Clearly the function S^A, B) satisfies the properties 



(pjO^CAB)^! 

(P 2 )S 1 (A,B)=S 1 (B,A) 

(P 3 ) l/F/ien;4 - B, Q x - 0 2 and (f> 1 = 
0 2; Le.iS^AiB) = 1, if A = B. 



6 Application of Hypercomplex similarity 
Measures in Decision-Making 

In this section, we apply hypercomplex similarity 
measures between SVNSs to the multicriteria decision- 
making problem. Let A = A lf A 2 , ... , A m be a set of 
alternatives and C = C lt C 2 , ... ,C n be a set of criteria. 
Assume that the weight of the criterion Cj(j = 1,2, ... , n) 
entered by the decision-maker is w ; - Wj E [0,1] 
and Yj = i w j — 1- The m options according to the n criteri- 
on are given below: 





C 1 


C 2 


C 3 . 


■■ c n 


A, 


£ (AO 


£ Mi) 
l 2 


£ Mi) 


r Mi) 
u n 


^2 


C ± (A2) 


c 2 Uz) 


£ (A 2 ) 
l 3 


£ M 3 ) 

u n 


^3 


£^m3) 


£ M 3 ) 

l 2 


r (Af) 

l 3 


£ M 3 ) 


A m 


£ Mn) 


c 2 (A3) 


r M 3 ) 

l 3 


£ Mm) 

u n 
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Generally, the evaluation criteria can be categorized in- 
to two types: benefit criteria and cost criteria. Let K be a 
set of benefit criteria and M be a set of cost criteria. In the 
proposed decision-making method, an ideal alternative can 
be identified by using a maximum operator for the benefit 
criteria and a minimum operator for the cost criteria to de- 
termine the best value of each criterion among all alterna- 
tives. Therefore, we define an ideal alternative 

a* r /-> * n * n * n *1 

/i — >U 2 > l 3 > ■■■ * L n J 

Where for a benefit criterion 

Cj* = {maXiT c .( Ai \ min i I c .^ Ai \min i F c .^ Ai) } while for 
a cost criterion, 

Cj* = {min i T c .( Ai \max i I c .( Ai \max i F c .( Ai) } 

Definition II: We define hypercomplex weighted similari- 
ty measure as 

WS K (A u An = Z}=iWjS(cW,Cj*),(i = 

1, 2, 3, ...,m) Lemma II: WS K (A if A*), (i = 1, 2, 3, 
satisfies properties P lf P 2 , P 3m 

Proof: Clearly YJj=i WyS(c/^, Cj*) > 0 and since 
from the property of hypercomplex similarity measure 

s(cf A fcf) < i, YIj=i WjS(Cj (Al) , cf) < jy =lWj = 1, so 

0 < WS K (A if A *) < 1. Thus P 1 is satisfied. 

Since S(cf A °, Cf) = 5(C/,c/ j4;) ),VK5 Jf UjM*) = 
WS K (A* ,Aj). Thus P 2 is satisfied. 

When Cj ^ = Cj *, Using the property of hyper- 
complex similarity measure 

S{Cj (A i\ Cf) = 1, So Z ? = 1 WjS(c/ A f Cf) = 

Yj =1 wj = 1 if CjW = cf. 

So P 3 is also satisfied. 

Through the similarity measure between each alterna- 
tive and the ideal alternative, the ranking order of all alter- 
natives can be determined and the best alternative can be 
easily selected. 

7 Numerical Example 

In a certain network, there are four options to go from 
one node to the other. Which path to be followed will be 
impacted by two benefit criteria C lf C 2 and one cost criteria 
C 3 and the weight vectors are 0.35, 0.25 and 0.40 respec- 
tively. A decision maker evaluates the four options accord- 
ing to the three criteria mentioned above. We use the new- 
ly introduced approach to obtain the most desirable alterna- 
tive from the decision matrix given in table 1 . 

C L , C 2 are benefit criteria, C 3 is cost criteria. From table 

1 we can obtain the following ideal alternative: 

= {(0.7, 0, 0.1), (0.6, 0.1, 0.2), (0.5, 0.3, 0.8)} 



A i A 2 

C 1 (0.4, 0.2, 0.3) (0.6, 0.1, 0.2) 

C 2 (0.4, 0.2, 0.3) (0.6, 0.1, 0.2) 

C 3 (0.8, 0.2, 0.5) (0.5, 0.2, 0.8) 



A3 

(0.3, 0.2, 0.3) 
(0.5, 0.2, 0.3) 
(0.5, 0.3, 0.8) 



A 4 

(0.7, 0,0.1) 
( 0 . 6 , 0 . 1 , 0 . 2 ) 
(0.6, 0.3, 0.8) 



Table 1: Decision matrix (information given by 
DM) 



Measure method 

Weighted Jaccarad 
similarity measure 



measure value 
WJ(A lf A *) = 0.7642 
WJ(A 2 ,A*) = 0.9735 
WJ(A 3 ,A*) = 0.8067 
WJ(A lf A*) = 0.9962 



Ranking order 

A/f. :> A 2 ^ A 3 :> A\ 



WDiA^A*) = 0.8635 
Weighted Jaccarad WD{A 2 ,A *) = 0.9864 
similarity measure WD(A 3 ,A*) = 0.8738 A 4 > A 2 > A 3 > A 1 
WD(A 4 ,A *) = 0.9981 



WD(A lt A*) = 0.8773 
Weighted cosine WD(A 2 ,A*) = 0.9882 
similarity measure WD(A 3 ,A*) = 0.8939 A 4 > A 2 > A 3 > A t 
WD(A 4 ,A*) = 0.9986 



W k S(A lt A*) = 0.7211 
Weighted hypercomplex W k S(A 2l A*) = 0.9857 

similarity measure W k S(A 3 ,A*) = 0. 8090 A 4 > A 2 > A 3 > A x 
W k S(A 4 ,A*) = 0.9895 



7.1 Generalization of hypercomplex similarity 
measure 

In this section 7, we formulate a general function for simi- 
larity measure using hypercomplex number system. This 
can give similarity measure for any dimension. Before 
formulating it, we should have a fare knowledge of hyper- 
complex number in n-dimensions [8] for which the multi- 
plication is associative and commutative, and also the con- 
cepts of analytic n-complex function, contour integration 
and residue is defined. The n-complex number x 0 + 
h 1 x 1 + h 2 x 2 + — I- h n _ 1 x n _ 1 can be represented by the 
point A of coordinates ( x 0 , x lf ... , % n _^) 
where/ii, h 2 , ... , h n _ t are the hypercomplex bases for 
which the multiplication rules are/i ; /i fc = hj +k if 0 < j + 
k < n — 1, and hjh k = hj +k _ n if n < j + k < 2n — 

2, where h 0 = 1. If O is the origin of the n dimensional 
space, the distance from the origin O to the point A of co- 
ordinates ( x 0 ,x lf ...,% n _ 1 ) has the expression d 2 = x 0 2 + 
x i 2 + x 2 2 + — I- x n _ 2 . The quantity d will be called 
modulus of the n-complex number u = x 0 + h 1 x 1 + 
h 2 x 2 + — I- h n _ 1 x n _ 1 . The modulus of an n-complex 
number u will be designated by d = \u\. For even number 
of dimensions (ft > 4) hypercomplex number is charac- 
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terized by two polar axis, one polar axis is the normal 
through the origin O to the hyperplane v + = 0 wherei; + = 
x 0 + *i + — I- x n _ 1 and the second polar axis is the 
normal through the origin O to the hyperplane v_ = 

0 where v_ = x 0 — x ± + — I- x n _ 2 ~ x n - 1 - Whereas for 
an odd number of dimensions, n-complex number is of one 
polar axis, normal through the origin O to the hyperplane 
v + = 0. 

Thus, in addition to the distance d, the position of the 
point A can be specified, in an even number of dimensions, 
by two polar angles 0_, by n/2-2 planar angles x/j k , and 
by ^ — 1 azimuthal angles In an odd number of dimen- 
sions, the position of the point A is specified by d, by one 

71 — 1 

polar angle 0 + , by planar angles ip k> and by — azimuthal 
angles The exponential and trigonometric forms of the 
n-complex number u can be obtained conveniently in a ro- 
tated system of axes defined by a transformation 
Which, for even n, 

rf+1 

f- 

Vk 



- 1 
1 


1 

1 


1 

VH 

1 


1 

VH 

1 


r *° 1 

*1 : 


In 


-VH - 


ys 


~Tn 




— 


— 


— 




[i I 


[2 277/C 

— cos ... 


2 2n(n — 2)k j 

'-cos 


[2 277(77 — l)fc 

-cos 




0 J 


71 77 

(2 27r/c 

-sin ... 

n n j 


77 77 ,J 

|2 277(77 - 2)k 

sin 

In n ^ 


77 77 

— 

2 277(77 — l)fc 

-sin 

77 77 


- x n- 1- 



Here k = 1,2, 1. 

2 



1 

Vn 

2 

Vn 

0 



1 

Vn 



2 2n 
-cos — 
n n 



2 2n 
-sin — 
n n 



1 

Vn 

[2 2n(n - 1) 

-cos 

In n 

[2 27r(n - 1) 

-sin 

n n 



r x o 

x i. 



2 2 2nk 

— -cos 

Vn n 

[2 2 nk 

0 -sin 

Jn n 



Here k = 1,2,...,^ 



2 27 r(n - l)fc L n _J 



-cos 
n 



2 2n(n—l)k 

— sin 

n n 



Definition III: Let i4 = (x 0 , *i, * 2 > ■■■ > x n- 1 ) an d B = (y 0 , 
y 1; ■■■ > y n -i) two n dimensional complex numbers. 

Then similarity measure between A and B is defined as, 
when n is odd 



S(A,B) 



n - 1 



+ 



1 + tan 2 (0 + M) - e + (B> ) 

71-1 

2 

^l + tan 2 (0 fc (j4) -0 fc (B) ) 

71-1 

2 

Zt 

fe =2 



+ 



+ tan 2 (xp k - 1 (A) 



J 



And for odd n, 



f/c 

f fc J 



And when n is even, 



S(A,B) = 



n - 1 



1+tan ^0 + ^-6 + m ) 
1 



+ 



+ 



1 + tan 2 (0_ (y4) - 0_ (B) ) 

2 1 

1 



It 



^l + tan 2 (0 fc (y4) -0 fe (B) ) 



+ ii 

k = 2 



+ tan 2 (ip k - 1 (A) 
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